Introduction
There is more to spacetime than usually envisaged in special or general relativity. Even at the classical level, besides the bosonic coordinates it is customary to include Grassmann odd coordinates into the game (see, e.g. [1] ). They provide a description of spinning degrees of freedom. An alternative way [2] - [7] of extending spacetime is to consider the corresponding Clifford space (shortly C-space) generated by basis vectors γ µ . A point of Cspace is described by a set of multivector coordinates (s, x µ , x µν , ...) which altogether with the corresponding basis elements (1, γ µ , γ µν , ...) form a Clifford aggregate or polyvector X.
It is well known [8, 9] that the elements of the right or left minimal ideals of Clifford algebra can be used to represent spinors. Therefore, a coordinate polyvector X automatically contains spinor as well as bosonic coordinates. In refs. [10, 11] it was proposed to formulate string theory in terms of polyvectors, and thus avoid using a higher dimensional spacetime.
Spacetime can be 4-dimensional, whilst the extra degrees of freedom ("extra dimensions") necessary for consistency of string theory are in Clifford space.
In this paper we propose to go even further: 16-dimensional curved Clifford space can provide a realization of the Kaluza-Klein idea [10] . We do not need to assume that spacetime has more than four dimensions. The "extra dimensions" are in Clifford space.
This approach has seeds in refs. [12, 13] , but explicitly it was formulated in refs. [10, 14] .
We will first investigate some basic aspects of the classical general relativity-like theory in C-space. Then we pass to quantum theory and rewrite the Dirac-like equation in curved C-space and show that the corresponding generalized spin connection contains Yang-Mills fields describing fundamental interactions.
Although other authors in a number of very illuminating and penetrating papers [15] have investigated unified models of fundamental interactions within the framework of Clifford algebra, they have not fully employed the concept of Clifford space, together with the C-space metric, affine and spin connection, polyvector-valued wave function [6] , which all enable to formulate a Kaluza-Klein like theory in 16-dimensional Clifford space defined over 4-dimensional spacetime. As far as I know this is a novel approach (see also refs. [12, 13, 10, 14] ).
2 Clifford space as a generalization of spacetime Since pioneering works by Hestenes [16] , Clifford algebra has been extensively investigated (see e.g. refs.
[17]- [22] ). Some researchers [2] - [7] proposed to replace spacetime with a larger geometric structure which is based on Clifford algebra. This has led to the concept of Clifford space (shortly C-space).
Suppose we have an n-dimensional space V n , not necessarily flat. At every point x ∈ V n we have a flat tangent space, its basis being given in terms of n orthonormal vectors γ a , a = 1, 2, ..., n satisfying the Clifford algebra relations
where η ab is a pseudo-Euclidean metric whose signature is kept arbitrary at this stage. The basis vectors γ a form a local basis in V n and they generate the Clifford algebra C Mn . The basis of the latter algebra is given by the set
where
From a local basis {γ a } we can switch to a coordinate basis {γ µ } according to the
where e µ a = γ µ · γ a is the tetrad field.
The coordinate basis vectors satisfy
where g µν is the metric of V n . We may use γ µ as generators of Clifford algebra with the
where γ = 1 and γ µ 1 ...µr ≡ γ µ 1 ∧ γ µ 2 ∧ ... ∧ γ µr . Since γ µ and g µν depend on position, we have different Clifford algebras C Vn at different points x ∈ V n . The continuous set of all those algebras over a domain of V n forms a manifold C Vn (x) which is usually called Clifford bundle or Clifford manifold.
In this paper we propose to introduce a more general Clifford manifold (see also [3] ).
Let us start from the flat Clifford space with basis (2). We then perform transition to a curved Clifford space with basis {γ M } by means of the relation
where e M A is the tetrad field in C-space. The latter relation is more general than (3).
Explicitly it reads From the basis elements γ M we can define the metric of C-space according to
Here ' ‡' denotes the reversion, that is the operation which reverses the order of the generators γ a (for example, γ ‡ a 1 a 2 a 3 = γ a 3 a 2 a 1 ), whilst '*' denotes the scalar product between two Clifford numbers A and B A * B = AB 0
The quantities γ M , e M A , G M N are now assumed to depend on position in C-space which can be parametrized by C-space coordinates vector fields
In C-space the multivector grade is relative to a chosen basis, and a coordinates transformation in C-space in general changes the grade of γ µ 1 ...µr . Thus even if an object appears as a 1-vector with respect to a coordinate basis γ µ , it is a polyvector (a superposition of multivectors) with respect to the local basis γ a .
We have thus a curved Clifford space (C-space). A point of C-space is described by coordinates x M . A coordinate basis is {γ M }, whilst a local (flat) basis is {γ A }. The tetrad field is given by the scalar product
The multivector coordinates s, x µ 1 , x µ 1 µ 2 , ..., x µ 1 ...µn provide a description of oriented r-dimensional areas. In refs. [7] a physical interpretation was given, namely that the multivector coordinates can be used to describe extended objects, such as closed branes.
3 On the realization of Kaluza-Klein theory in curved Clifford space
The basic idea of Kaluza-Klein theory is that spacetime has more than four dimensions.
The extra dimensions of curved spacetime manifest as gauge fields describing the fundamental interactions. Instead of introducing extra dimensions, we can investigate a theory which starts from 4-dimensional spacetime and then generalize it to curved Clifford space.
Let us first consider the equation of geodesic in curved C-space. We can envisage that physical objects are described in terms of x M = (s, x µ , x µν , ...). The first straightforward possibility is to introduce a single parameter τ and consider a mapping
where X M (τ ) are 16 embedding functions that describe a worldline in C-space. From the point of view of C-space, X M (τ ) describe a worldline of a "point particle": at every value of τ we have a point in C-space. But from the perspective of the underlying 4-dimensional spacetime, X M (τ ) describe an extended object, sampled by the center of mass coordinates X µ (τ ) and the coordinates X µ 1 µ 2 (τ ), ..., X µ 1 µ 2 µ 3 µ 4 (τ ). They are a generalization of the center of mass coordinates in the sense that they provide information about the object's 2-vector, 3-vector, and 4-vector extension and orientation 1 .
The dynamics of such an object is determined by the action
HereẊ J ≡ dX J /dτ is the derivative with respect to an arbitrary monotonically increasing parameter τ , and Γ M JK is the connection defined according to
The above relation is a generalization [12] of the well known relation [16] .
When the derivative ∂ M acts on a polyvector A = A N γ N we obtain the covariant derivative D M acting on the components A N :
Here the A N are scalar components of A, and ∂ M A N is just the ordinary partial derivative with respect to X M :
The derivative ∂ M behaves as a partial derivative when acting on scalars, and it defines a connection when acting on a basis {γ M }. It has turned out very practical 3 to use the easily writable symbol ∂ M which -when acting on a polyvector-cannot be confused with partial derivative.
When inspected from the 4-dimensional spacetime, the equation of geodesic (12) Interestingly, the number of mixed components
of the C-space metric tensor G M N coincides with the number of gauge fields in the standard model 4 . For fixed µ, there are 12 mixed components of G µM and 12 gauge fields
This coincidence is fascinating and it may indicate that the known interactions are incorporated in curved Clifford space.
Good features of C-space are the following:
(i) We do not need to introduce extra dimensions of spacetime. We stay with 4-dimensional spacetime V 4 , and yet we can proceedà la Kaluza-Klein. The extra degrees of freedom are in C-space, generated by a basis of V 4 .
(ii) We do not need to compactify the extra "dimensions". The extra dimensions of Cspace, namely s, x µν , x µνρ , x µνρσ are not just like the ordinary dimensions of spacetime considered in the usual Kaluza-Klein theories. The coordinates x µν , x µνρ , x µνρσ are related to oriented r-surfaces, r = 2, 3, 4, by which we sample extended objects.
Those degrees of freedom are in principle not hidden from our direct observation, therefore we do not need to compactify such "internal" space.
(iii) The number of the mixed metric components G µM (for fixed µ) is 12, precisely the same as the number of gauge fields in the standard model.
The Dirac equation in curved C-space

Spinors as members of left ideals
How precisely the curved C-space is related to Yang-Mills gauge fields can be demonstrated by considering a generalization of the Dirac equation to curved C-space.
Let Φ(X) be a polyvector valued field over coordinates polyvector field
where γ A , A = 1, 2, ..., 16, is a local (flat) basis of C-space (see eq. (2)) and φ A the projections (components) of Φ onto the basis {γ A }. We will suppose that in general φ A are complex-valued scalar quantities.
Instead of the basis {γ A } one can consider another basis, which is obtained after multiplying γ A by 4 independent primitive idempotents [9]
such that
Here a i , b i , c i are complex numbers chosen so that P 2 i = P i . For explicit and systematic construction see [9, 23] .
By means of P i we can form minimal ideals of Clifford algebra. A basis of left (right) minimal ideal is obtained by taking one of P i and multiply it from the left (right) with all 16 elements γ A of the algebra:
Here I γ a 1 , γ a 1 a 2 , γ a 1 a 2 a 3 , γ a 1 a 2 a 3 a 4 ) or in terms of ξ αi = (ξ α1 , ξ α2 , ξ α3 , ξ α4 ):
In the last step we introduced a single spinor indexÃ which runs over all 16 basis elements that span 4 independent left minimal ideals. Explicitly, eq. (20) reads
Eq. (20) or (21) 
The derivative ∂ M is the same derivative introduced in eqs. (13) and (14) . Now it acts on the object Ψ which is expanded in terms of the 16 basis elements ξÃ, which in turn can be written as a superposition of basis elements γ A of Clifford algebra. The action of ∂ M on the spinor basis elements ξÃ gives the spin connection:
Using the expansion (21) and eq. (23) we find We may now use the relations
and
where the operation S ≡ Tr 0 takes the scalar part of the expression and then performs the trace. We normalize ξÃ so that (25) is fulfilled. By means of (25) we can project eq. (24) onto its component form
The spinor indicesÃ,B can be omitted and eq. (27) written simply as
We see that in the geometric form of the Dirac equation (22) spin connection is automatically present through the action of the derivative ∂ M on a polyvector Ψ written as a superposition of basis spinors ξÃ. The reader has to be careful (i) not to confuse our symbol ∂ M (when acting on a polyvector) with a partial derivative, (ii) not to miss the fact that Ψ in eq. (22) is a Clifford algebra valued object, not just a component spinor, and (iii) not hastily think that eq. (22) lacks covariance.
Yang-Mills gauge fields as spin connection in C-space
Let us define generators of the transformations (i.e., local rotations in C-space) according
We also have Σ AB = f AB C γ C , where f AB C are constants.
A generic transformation in C-space which maps a polyvector Ψ into another polyvector Ψ is given by
Here α AB and β AB , or equivalently α A = f CD A α CD and β A = f CD A β CD , are parameters of the transformation.
In general, eq.(30) allows for the transformation which maps a basis element γ A into a mixture of basis elements. In particular, we have the following three interesting cases:
This is the transformation which preserves the structure of Clifford algebra, i.e., it maps one set of generators {γ a } into another set of generators {γ 
This is the transformation that maps right ideal into the right ideals:
In general, for the transformation (30) we have
This transformation, in general, mixes right and left ideals. Eq. (38) can be considered as matrix equation in the space spanned by the generalized spinor indicesÃ,B:
where U is a 16 × 16 matrix, whilst ψ and ψ ′ are columns with 16 elements. From (37), (38) it follows that U =RŜ T , whereR andŜ are matrices representing the Clifford numbers R and S. That is, U is the direct product ofR and the transposeŜ T ofŜ, and it belongs, in general, to the group GL(4, C) × GL(4, C). The group is local, because the basis elements γ A entering the definition (32) depend on position X in C-space according to the relation analogous to (13) , and also the group parameters α A , β A in general depend on X.
We now require that the C-space Dirac equation is invariant under the transformations (30),(39):
After using eq. (23) we then find
This is the transformation for the generalized spin connection (i.e., the connection in Cspace). In matrix notation 7 this reads
We see that Γ M transforms as a non abelian gauge field. The most general gauge group here is 8 GL(4,C) × GL(4,C). As subgroups it contains for instance SL(2,C) and U (1 In the special case of free fields, the C-space Dirac equation (22) decouples into the set of four independent generalized Dirac equations for four independent 4-component spinors, each living in a different minimal left ideal:
or explicitly,
A particular solution is
7 The objects are considered as matrices in the generalized spinor indicesÃ,B,C,D. 8 The group GL(4,C) is subjected to further restrictions resulting from the requirement that the transformations (30) should leave the quadratic form Ψ ‡ * Ψ invariant. So we have ψ
and S ‡ S = 1. Explicitly, the quadratic form reads Ψ ‡ * Ψ = ψÃψBzÃB, where zÃB = ξ ‡Ã * ξB is the spinor metric.
where u αi satisfies
A spinor ψ αi incorporates, besides the linear momentum excitations, also the area and volume modes, determined by p µν , p µνρ , p µνρσ . Those extra modes take into account the extended nature of the object. For a nice description of this latter concept on an example of the quenched minisuperspace propagator for p-branes see ref. [25] .
However, in the interactive case (i.e., in curved C-space), we have the set of coupled equations (28) in which there occurs the C-space spin connection Γ M . Using eq. (23) we can calculate the curvature according to
This is the relation for the Yang-Mills field strength. From the curvature we can form the invariant expressions, for instance R M NÃB (γ M ‡ * ξÃ)(γ N ‡ * ξB) and R M NÃB R M NÃB which can be used in the action as the kinetic term for the fields Γ MÃB .
Using eq.(29) we can express the spin connection in terms of the generators 9 :
Inserting (49) into (48) we obtain
where C BC A are the structure constants of the Clifford algebra:
The C-space Dirac equation (28) can be split according to
where M = (µ,M), andM assumes all the values except M = µ = 0, 1, 2, 3.
From eq.(49) we read that the gauge field Γ M contains:
(i) The spin connection of the 4-dimensional gravity Γ
9 We now omit the indicesÃ,B.
(ii) The Yang-Mills fields A µĀ γĀ, where we have split the local index according to A = (a,Ā). ForĀ = o (i.e., for the scalar) the latter gauge field is just that of U(1) group.
(iii) The antisymmetric potentials A µν , A µνρ , A µνρσ , if we take indices A = o (scalar) and M = µν, µνρ, µνρσ.
We see that the C-space spin connection contains all physically interesting fields, including the antisymmetric gauge fields which occur in string and brane theories.
A caution is in order here. From eq. ( 
Conclusion
The new theory that we propose here 10 seems to be a promising candidate for the unification of fundamental interactions. It does not require inclusion of extra dimensions.
Instead, it employs the degrees of freedom incorporated in the 16-dimensional Clifford space of the 4-dimensional spacetime. A curved Clifford space provides an interesting realization of Kaluza-Klein theory without the necessity of enlarging the dimensionality of spacetime. Such a fresh approach to unification which takes into account the ideas from 10 See also references [12, 13, 10, 14] .
various fashionable theories, e.g., Kaluza-Klein theory, Clifford algebra, string and brane theory (branes sampled by Clifford numbers), is in my opinion very promising and deserves further more detailed investigation.
